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Abstract. In studying processes during solar flares or during the explosive phase of a substorm, problems of equilibrium and
non-equilibrium configurations of magnetized plasma arise. First of all, it is extremely important to know a stationary state of
the system in order to further study of it’s evolution. The magnetohydrodynamic approach we have chosen as the main tool.The
main task is to solve the Grad-Shafranov equation, that determines an equilibrium configuration with a non-linear distribution of
the longitudinal current. Various options for the longitudinal current are considered. The results of the solution in addition to the
”earthly” application can be used in considering physical phenomena in the magnetized planets magnetospheres, in the shells of
pulsars, as well as in a laboratory. In this paper, we considered in detail the solutions leading to the dependence of the magnetic
flux on the distance in the form of r−1. This dependence is typical for most space objects with a ring structure.

INTRODUCTION

The purpose of this paper is to construct a simple analytical model of the ”dipole magnetic field - magnetized plasma”
system. Spherically symmetric system will be considered as the simplest model, the currents, flowing through the
plasma, will be considered compact, finite or infinite formations with a single azimuthal component. Then, such a
system is easier to consider as a system with an axisymmetric configuration.The magnetohydrodynamic approach can
be used in considering large-scale phenomena of the ”plasma-magnetic field” system. The Grad-Shafranov equation
is the main solution to the problem, which determines the equilibrium configuration with a nonlinear longitudinal
current distribution [1]. The stationary problem is formulated in the following form: - there is a magnetic dipole field,
in the vicinity of which there is a plasma; - quasi-ring current is flowing through this plasma, the magnetic field of
this current adding to the field of the dipole gives the main ”portrait” of the system; - the distribution of ring currents
in space can have a finite or infinite nature; - different variations for longitudinal current are considered.

CALCULATION METHOD

For the magnetic flux function the Grad-Shafranov equation is written, which determines the equilibrium configura-
tion, in the general form of the nonlinear longitudinal current distribution. This current can have both finite (compact)
and infinite nature. In the cylindrical coordinate system (ρ, φ, z) , this equation has the form:

∂2Φ

∂ρ2 −
1
ρ

∂Φ

∂ρ
+ +
∂2Φ

∂z2 = −Dρ jφ. (1)

Here jφ = Aρ ∂P
∂Φ
+ B
ρ

F ∂F
∂Φ
, where A, B − const.

In the spherical coordinate system (r, θ, φ) this equation takes the form:

∂2Φ

∂r2 +
(1 − µ2)

r2

∂2Φ

∂µ2 = Ar2(1 − µ2)
∂P
∂Φ
+ BF

∂F
∂Φ
, (2)
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where µ = cos θ.
As a simple example, considered the case when A ∂p

∂Φ
= C, where C = const and BF ∂F

∂Φ
= Φk2

0, where k2
0 = const.

The right side of the equation was chosen as to take into account contributions from terms ∂P
∂Φ

and from F ∂P
∂F .

The magnetic dipole is at the origin of coordinates, the magnetic flux of which is: Φ0 = M (1−µ2)
r .

In this case, equation (2) will have the form:

∂2Φ

∂r2 +
(1 − µ2)

r2

∂2Φ

∂µ2 − k2
0Φ = Cr2(1 − µ2). (3)

This is an inhomogeneous equation for a function whose solution is expressed in terms of Bessel functions with
index 3/2, which in turn are expressed in terms of elementary functions. Therefore, the solution of equation (3) can be
written in the form:

Φ(r, µ) =
(1 − µ2)

r
[A exp−r̄(1 + r̄) + B(r̄ cosh r̄ − sinh r̄) −Ck−5r̄3], (4)

where r̄ = k0r. To obtain a complete solution, it is necessary to specify the values of the constants A, B,C. The
constant A is obtained by considering the solution near the zero point. As r → 0 the expression for Φ(r, µ) should
tend to Φ0 = M (1−µ2)

r , i.e. to the magnetic flux of the dipole. Hence A = M. The constants B and C are bound by the
magnitude of the azimuthal current and the scale value, and therefore are the parameters of the problem. If B and C
are equal to zero, then there is the case of an infinite distribution of the ring current whose magnetic flux coincides
with the magnetic flux of the point dipole at large distances are bound by the magnitude of the azimuthal current and
the scale value, and therefore are the parameters of the problem (Fig.1).
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FIGURE 1. Curve 1 shows the dependence of the magnetic flux Φ0 on the distance r for the magnetic dipole field. Curve 2 shows
the dependence of the magnetic flux Φ of the ring current on the distance r. Curve 3 shows the dependence of the magnetic flux Φ
of the ring current on the distance r . All values are given in arbitrary units.

RESULTS AND DISCUSSION

An interesting variation of the Grad-Shafranov equation solution is the consideration of the case when the magnetic
flux function is representable in the form:

Φ(r, µ) = C
φ(µ)

r
. (5)

Equation (5) describes a self-similar case for all r. Substituting this expression into the Grad-Shafranov equation, it

is noted that in order for the solution to be not depended on r, it is necessary to require that ∂P
∂Φ
= A1

(
C φ(µ)

r

)5

and
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BF ∂F
∂Φ
= B1

(
C φ(µ)

r

)3

. In this case nonlinear equation is obtained for φ(µ):

(1 − µ2)
∂2φ

∂µ2 + 2φ = A1(1 − µ2)φ5 + B1φ
3. (6)

The solution of this non-linear equation under zero boundary conditions is a nonlinear Sturm-Liouville problem. In
the classical Sturm-Liouville problem, eigenfunctions and eigenvalues are a set of orthogonal functions and multiple
integer eigenvalues. The analysis of this problem solution shows that solutions with zero boundary conditions exist
only for some connection between quantities A1 and B1 in equation (6) (Fig.2).
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FIGURE 2. Polynomial approximation of the values of pairs of points A1 and B1 in equation (6). The horizontal axis shows the
values of A1, along the vertical axis of the value of B1. All values are given in arbitrary units.

For example, here are some graphs of magnetic flux and magnetic field lines. Fig.3(a), Fig.3(b), Fig. 4(a), Fig.4(b)
show graphs for magnetic fluxes and corresponding magnetic lines for different values of the pairs A1 and B1). All
calculations and constructions in this work were performed in Wolfram Mathematica 9.0. The obtained results can be
used in studying the energy characteristics and stability of such systems.
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FIGURE 3. (a) The curve corresponding to the magnetic flux of the dipole Φ0(µ) is drawn by the dashed line, the magnetic flux
Φ(µ) of the perturbed field is a solid line, (b) the curve corresponding to the magnetic field of the dipole, is drawn by a dashed line,
the magnetic field taking into account the ring currents is a solid line, when A1=3.383, B1=-4.0.

050018-3



(a)

-1.0 -0.5 0.5 1.0

0.2

0.4

0.6

0.8

1.0 (b)

0.2 0.4 0.6 0.8 1.0

-0.4

-0.2

0.2

0.4

FIGURE 4. The curve corresponding to the magnetic flux of the dipole Φ0(µ) is drawn by the dashed line, the magnetic flux Φ(µ)
of the perturbed field is a solid line, (b) the curve corresponding to the magnetic field of the dipole, is drawn by a dashed line, the
magnetic field taking into account the ring currents is a solid line, when A1=-10, B1=5.255.

CONCLUSION

The self-similar solution is obtained for the nonlinear Grad-Shafranov equation (6). Expressions for the magnetic flux
for different A1 and B1 in the Grad-Shafranov equation (6) for the self-similar case are obtained. For these expressions
the lines of flux are plotted. The obtained results can be used in studying the energy characteristics and stability of
such systems. In this paper, we considered in detail the solutions leading to the dependence of the magnetic flux on
the distance in the form of r−1. This dependence is typical for most space objects with a ring structure. The results of
the solution in addition to the ”earthly” application can be used in considering physical phenomena in the magnetized
planets magnetospheres, in the shells of pulsars, as well as in a laboratory.
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